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Abstract 

A strongly reflective modular form with respect to an orthogonal 
group of signature {2,n) determines a Lorentzian Kac-Moody alge- 
bra. We find a new geometric application of such modular forms: we 
prove that if the weight is larger than n then the corresponding modu- 
lar variety is uniruled. We also construct new reflective modular forms 
and thus provide new examples of uniruled moduli spaces of lattice po- 
larised K3 surfaces. Finally we prove that the moduli space of Kummer 
surfaces associated to (1, 21)-polarised abelian surfaces is uniruled. 

1 Reflective modular forms 

Let L be an even integral lattice with a quadratic form of signature (2, n) 
and let 

V{L) = {[Z]£ F{L (g) C) I (Z, Z) = 0, {Z,Z) > 0}+ 

be the associated n-dimensional bounded symmetric Hermitian domain of 
type IV (here -|- denotes one of its two connected components) . We denote 
by 0~^{L) the index 2 subgroup of the integral orthogonal group 0{L) pre- 
serving T>{L). For any w € L ® Q such that = {v,v) < we define the 
rational quadratic divisor 

V, = V,{L) = {[Z] e V{L) I {Z,v) = 0} ^ V{vi) 

where vj^ is an even integral lattice of signature (2,n — 1). If F < 0^(L) is 
of finite index we define the corresponding modular variety 

Fl[T) = T\V{L), 

which is a quasi-projective variety of dimension n. The most important 
subgroups of 0^(-^^) are the stable orthogonal groups 

6^(L) = {gG 0+(L) I g\Lv/L = id}, SO'' {L) = SO(L) n 0^(L) 

where is the dual lattice of L. Modular varieties of orthogonal type ap- 
pear in algebraic geometry. A prime example are moduli spaces of polarised 
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abelian surfaces and K3 surfaces or, more generally, the moduli spaces of 
polarised holomorphic symplectic varieties (see |GHS2j - |GHS 3]). 

Let fc > and x ^ T ~^ C* be a character or multiplier system (of finite 
order) of F. By Mfc(r, x) we denote the space of modular forms of weight A; 
and character x with respect to T. 

Definition 1.1 A modular form F G Mfc(r,x) is called reflective if 

Supp(divF) C y Vr{L) (1) 

rGL/±l 
r is primitive 
cTi Gr or ~(Tr£r 

where Ur '■ I ^ I — ^^?7y^ ^'s the reflection with respect to r. We call F 
strongly reflective if the multiplicity of any irreducible component of div F 
is equal to one. 

This definition is motivated by the following result proved in |GHSH 
Corollary 2.13]. 

Proposition 1.2 Let sign(L) = (2, n) and n > 3. The union of the rational 
quadratic divisors in ([ip is equal to the ramification divisor Bdiv(7rr) of the 
modular projection 

vrr : V{L) r\V{L). 

The most famous example of a strongly reflective modular form is the 
Borcherds form $12 € M12 (O"*" (1/2,26) 1 det) defined in [B]. It is known that 

div $12= IJ Vr{Il2,26) 

rgR_2(//2,26)/±l 

where R-2{Il2,2&) denotes the set of —2- vectors in the even unimodular 
lattice 1/2,26 • 

Strongly reflective modular forms are very rare. They determine Lorentz- 
ian Kac-Moody algebras (see [B], |GNlj ). The following theorem proved in 
2010 shows that the existence of a strongly reflective modular form of large 
weight k > n implies that the corresponding modular variety has special 
geometric properties. 

Theorem 1.3 (see fG^ ) Let sign(L) = (2, n) and n > 3. Let Fk G Mk{T, x) 
be a strongly reEective modular form of weight k and character (of finite 
order) x where T < 0~^{L) is of finite index. By k{X) we denote the Kodaira 
dimension of X. Then 

k{T\V{L)) = -00 

if k > n, or k = n and F^ is not a cusp form. Ifk = n and F^ is a cusp form 
then 

k{T^\D(L)) = 0, 
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where = ker(x • det) is a subgroup of F. 

Below we prove a stronger theorem which allows us to conclude that 
the variety F\P(L) is uniruled. As an application, using reflective modular 
forms, we give new examples of uniruled moduli spaces in §3. 

2 A sufficient criterion for unirulednesss of orthog- 
onal modular varieties 

Recall that a variety X is called uniruled if there exists a dominant rational 
map y X X where y is a variety with dimy = dimX — 1. If y is 

uniruled, then k{Y) = — oo. A well known conjecture says that the converse 
also holds, but this is not known with the exception of dimension 3 (where 
it follows from [Mi| ) . Using results of Boucksom, Demailly, Paun and Pe- 
ternell |BDPPj the conjecture would follow from the abundance conjecture. 
We shall use the numerical criterion for uniruledness due to Miyaoka and 
Mori |MM] to formulate a criterion which allows us to prove uniruledness of 
orthogonal modular varieties in many cases. 

Theorem 2.1 Let T) = T>{L) he a connected component of the type IV 
domain associated to a lattice L of signature (2, n) with n > 3 and let 
F C 0^{L) be an arithmetic group. Let B = X^r ^ divisorial 
part of the ramification locus of the quotient map T> T\'D (see ([ip and 
Proposition \1.2\) . Assume that a modular form with respect to F of 
weight k with a (finite order) character exists, such that 

{Fk = 0} = Y^ mrVr 

r 

where the are non-negative integers. Let m = maxjmr-} (which must 
he > by Koecher's principle). If k > m ■ n, then T'\D is uniruled (and 
thus in particular has Kodaira dimension —oo) for every arithmetic group 
F' contating F. 

Proof. It is clearly enough to prove the result for F since every finite quotient 
of a uniruled variety is uniruled itself. 

We first recall that by |GHSH Theorem 2.12] every quasi-reflection in 
h £ T has the property that /i^ = it id and thus h acts as a reflection on 
T>. We choose a toroidal compactiflcation X' of the quotient X = T\D for 
which we can assume that the boundary contains no ramification divisor. 
Such a compactification exists by jGHSU Corollary 2.22] and the proof of 
|GHSH Corollary 2.29]. Let L be the (Q-)line bundle of modular forms of 
weight 1. We denote the branch locus in X' hy B = (here we use, by 
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abuse of notation, the same index set for the components as we do for the 
ramification locus). Then over the regular part X^^g of '^^ have 

Kxu,=nL-^B-D (2) 

where D = Da is the boundary. 

The assumption about the vanishing locus of the form implies 

kL=^Yl "^rV'r + daDa, 5a > 0. 
r a 

Note that the factor 1/2 in front of the term involving the comes from 
the fact that the map 'D(L) ^ X is branched of order 2 along B. We rewrite 
this as 

kL = - [mB + ^(m, - m)V'^) + ^^^Da 

r a 

and use this to eliminate ^B from formula The result is 

r a 

Next we choose a resolution X ^ X' . For the canonical bundle on X we 
obtain 

r a i3 

where the Ej^ are the exceptional divisors and where we have used the no- 
tation Vj. and Da also for the strict transform of the corresponding divisors 
on X'. 

We recall the following criterion of Mori and Mivaoka |MMl Theorem 1]: 
assume that a smooth projective variety Z contains an open subest U such 
that through every point x £ U there is a curve C with Kz-C < 0. Then Z 
is uniruled. We want to apply this to X where we choose U = Xj-^g. Recall 
that a high multiple L^^° of L defines a map ^Pismo : X whose image 

is the Baily-Borel compactification X^^ of X. The restriction of this map 
to U is an isomorphism onto the image and the codimension of X^^ \ U in 
X^^ is at least 2 since the boundary of the Baily-Borel compactification is 
1-dimensional and X is normal. 

Let X € U. Intersecting with n — 1 general hyperplanes through x we 
obtain a curve C which misses both the boundary and the singular locus of 
X. Hence we can also consider C as a curve in X . We find that 

-K^-C =[{--n)L + Y. ^^^'r + E ^^^^ + E -^E^ 

\ r a 13 J 
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Since C does not meet the boundary and the singular locus of X we have 
Da-C = Ep.C = 0. Moreover, since m > rrij. and P^.(noi)"~^ > we have 
^:^^^p;.C > 0. Finally, since A; > m • n and L.(noL)""^ > it follows that 
K^.C < and thus we can apply the criterion by Miyaoka and Mori. □ 



3 New examples of uniruled moduli spaces 

3.1 The moduli space of Kummer surfaces associated to (1,21)- 
polarised abelian surfaces. 

The moduli space of (1, t)-polarised abelian surfaces is a Siegel modular 
3-fold At = \ IHI2 where HI2 is the Siegel upper-half plane of genus 2 
and Tt is the corresponding paramodular group which is isomorphic to the 
integral symplectic group of the symplectic form with elementary divisors 
(l,t). The paramodular group Tt has the maximal extension in Sp2(K) 
of order 2'^^^^ where u{t) is the number of prime divisors of t (see [GH1| ). We 
proved in [GHH Theorem 1.5] that the modular variety Al = T* \ BI2 can 
be considered as the moduli spaces of Kummer surfaces associated to (1, t)- 
polarised abelian surfaces. The Kodaira dimension of the moduli space A21 
of (1, 21)-polarised abelian surfaces is non-negative because the geometric 
genus h^'^{A2i) is positive for any smooth compactification of ^21 (see |G1| - 
[G2]). We have a (4 : 1) covering A21 A^i- 

Theorem 3.1 The moduli space A21 of Kummer surfaces associated to 
{I, 21) -polarised abelian surfaces is uniruled. 

Proof. The symplectic group of genus 2 can be considered as an orthogonal 
group of signature (2,3) (see |G1] and |GHlj ). In particular, one has 

Tt/{±E^} = Sb^iLt), n/{±i?4} = 0+iLt)/{±E,} 

where Lt = 2U © {—2t), U = is the hyperbolic plane (i.e. the even 
unimodular lattice of signature (1, 1)), 2U = U (B U, (— 2t) is the lattice of 
rank 1 generated by an element of degree —2t, sign(L() = (2,3) and 
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is the Gram matrix of the quadratic form on Lt in the standard basis used 
in |GHlj . Therefore the moduli spaces of (1, t)-polarised abelian surfaces 
and associated Kummer surfaces are modular varieties of orthogonal type 

At^Tt\M2^ S6^ (Lt) \ V{Lt), a; ^ T* \ M2 ^ 0+{Lt) \ V{Lt). 
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In what follows we construct a reflective modular form with respect to 
0"'"(L2i) and apply Theorem 12. 1[ 

It was proved in [GN2[ Main Theorem 2.2.3], that Lt with t = 21 belongs 
to a list of special lattices for which (meromorphic) reflective modular forms 
exist. More exactly, according to this theorem there are three (meromorphic) 
reflective forms for t = 21. Now we construct a nearly holomorphic (reflec- 
tive) Jacobi form ^0,21 G <^o,2i of weight and index 21 whose Borcherds 
lifting is a holomorphic reflective modular form. We define this form as a 
polynomial in standard Jacobi modular forms, namely we put 



Co,21 = -T^ ( ^400,4 (-QE4<PI 3(/)o 4 + 10£'4,i(/>o 3'Ao,4 + -E4,2</'o 4 " 5£'4,2</'o 3) 
^12 V 

+ S4,1^4,2<Ao,3('Ao,3 - 4<Ao,4)) " 228(Ag,i </.§,3</.^,4 
+ (t>hM0A{958^l4 + 24O(/.g,20O,4 + 21370o,2</'o,3'Ao,4 + 110o,3) 
+ ^0,1 (24</)o,2<Ao,3 - 27</.^,2<30O,4 + (-4O8O(/<|],20O,3 - 62730^^3 )(Ag,4 

- 8826(/.o,20o,3'Ao,4 + 300^,4) - 750o,3'Ao,2<Ao,4 

+ (7668</)o,3</'i],2 + 24796(/.^,3) 0^,4+ (1920(^0,300,2 + 6513</.^,30^,2)0o,4 
+ (240^,3</'O,2 + 96</>^,3(Ao,2)0O,4 - 24</.^_3</>3 2 " 72<PIs. 

In this formula we use the following notation: Ai2(t) = ry(r)^^ G S'i2(SL2(Z)) 
is the Ramanujan A-function, £'4^4 is the Jacobi-Eisenstein series of weight 4 
and index t (see |EZ) ) and (po,ii 4'o,2, </'o,3) </'o,4 are generators of the graded 
ring of weak Jacobi forms of weight with integral coefficients (see |G3[ 
Theorem 1.9]) 

jweak,Z ^ 2[(/)o,l, (/>o,2, 00,3, 00,4]- 

The Jacobi forms (po^i, 0o,2, 0o,3 are algebraically independent and 40o,4 = 
00,100,3 ~ 20Q2. The full class of reflective Jacobi forms in |GN2j was ob- 
tained using a recursive procedure in terms of Jacobi forms of smaller index. 
Such formulae are very long to present here. We give in this paper a formula 
for ^0,21 in terms of the generators. Using explicit formulae for them written 
in PARI (see |GNlj ) we can easily calculate as many terms in the Fourier 
expansion of ^0,21 as we need. We have 

6,2i(r, z) = + 24 + (42r9 + 168r^ + ---)q 

+ (3r^^ + 322r^2 + ---)q'^ + (420r^^ + A152r^^ + ---)q^ 
+ (lOSr^^ + 2016ri^ + •••)/ + (2r^^ + IGSr^^ + . . . )g5 + 0(^6) (3) 
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where q = e^'^*'^ and r = e^'^*^. The Fourier coefficients in boldface represent 
all Fourier coefficients a{n, l)q^r^ in the Fourier expansion of ^o,2i(''") z) with 
indices of negative hyperbolic norm 84n - ;2 < 0. 

The Borcherds lifting i?^,, 21 (-^) of the Jacobi form ^0,21 (see [GNl^ The- 
orem 2.1] and |GN21 §2.2]) is a holomorphic modular form of weight 12 

and trivial character with respect to SO {L21). We note that a Fourier 
coefficient a(n, l)q'"r^ of ^o,t ~ in our situation we are in the case t = 21 
- with negative hyperbolic norm —D = Atn — P < determines a divisor 
Ho{l) with multiplicity a{n,l) of the Borcherds automorphic product iJ^g^ 
associated to ^o,t) where 



This divisor is reflective if and only if D = P — Atn is a common divisor of 
At and 21 (see |GN21 Lemma 2.2]). This means that the Borcherds product 
i?^(,2^ has three reflective divisors i?84(0), 3^^28(14) and 2i^2i(21). Here 
we give an orthogonal reformulation of this fact. For this we represent 
the index (n, /) of the Fourier coefficient a{n,l) as vector {k,-^,l) in the 

dual hyperbolic lattice (L^V of L^^ = U ® {-2t) (see [GN2l §2.2]). In 
the homogeneous domain T>(L2i) the Fourier coefficient q~^ determines the 
reflective divisors 

Vr, r G L21, = -2, div(r) = 1, mult(L».r) = 1 

where div(r) is the positive generator of the integral ideal (r, L21) C Z. The 
two other Fourier coefficients determine the divisors 

Vu, u G L21, = -2, div(n) = 2, mult(P„) = 2 (2^^^^), 

V^, UGL21, = -6, div(t>) = 3, mult(r'„) = 3 (3gV^^). 

The divisors (respectively T>u and P^) form one orbit with respect 

to SO (^21)- 0(^21/^21) is the 2-abelian group of order 4 (see |GH1] ). 
The reflection induces a non-trivial involution in the flnite orthogo- 
nal group 0(^21/^21) which is different from — id. Therefore 0'''(L2i) = 
{Oi^ {L2i),(Ty^—E^). In fact B^q^^{Z) is a modular form with respect to 
the full orthogonal group 0'''(L2i)- This is true because the modular form 
2^ ((T^,(Z)) has the same divisor as B^^^^{Z). Therefore they are equal 
up to a constant according to the Koecher principle. 

Now we can apply Theorem 2.1. The modular form i?^f, 21 of weight 12 
with respect to F = 0"*'(L2i) has three reflective divisors 



G 112 I nr + /z + io; = 0}) C Ft \ IH2. 



divr\D(L2i) 



1,21 



T:v{Dr) + 2T:r{Du)+2,^v{D^)- 
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Since the weight 12 > 3 • 3 the modular variety 0+(L2i) \X'(L2i) = \M2 
is uniruled according to Theorem 2.1. □ 

3.2 Uniruled moduli spaces of lattice polarised K3 surfaces. 

Let 5 be a positive definite lattice. We put 

L{S) = 2[/eS(-l), sign(L(5)) = (2,2 + rank5) = (2,2 + n) 

where S{—1) denotes the corresponding negative definite lattice of rank n. 
In the applications of this paper S will be (n < 7), Dn {n < 8) and 
Eq or direct sums of some of them. In what follows we denote by kL the 
orthogonal sum of k copies of the lattice L and by L{m) the lattice L with 
quadratic form multiplied by m. 

If there exists a primitive embedding of L{S) into the so-called K3 lattice 
Lk3 = 3f/ e 2Es{-l) then the modular variety 6^ {L{S)) \ V{L{S)) is the 
moduli space of lattice polarised K3-surfaces with transcendental lattice 
T = L[S). The Picard lattice Pic(X) of a generic member X of this moduli 
space is the hyperbolic lattice L{S)j^^,^. See [Nj, |Do) for more details. If 
L{S) is 2-elementary, i.e. L{SY /L{S) is a 2-elementary abelian group, 
then many moduli spaces of lattice polarised K3 surfaces are unirational 
or rational (see |Mal) . |Ma2| ). Here we mainly consider more complicated 
discriminant groups. For the discriminant group is the cyclic group 
C42. In the examples of this subsection the discriminant group is equal to 
Cm (3 < m < 8) and to C7|, C7|, C|. 

Theorem 3.2 The modular variety M{S) = O'^ {L{S)) \ V{L{S)) of di- 
mension 2 + ranks is uniruled for S equal to An (2 < n < 7), 2 A3, 3^2, 
2^2, 1)5, Dr and Eq. 

We construct strongly reflective modular forms for all L{S) in the theorem 
using the quasi pullback of the Borcherds form <&i2 (see §1). We refer the 
reader to |BKPSj . |GHS1) - |GHS3) for details of the construction of quasi 
pullback. The proof of the following result can be found in [GHS31 Theorem 
8.2 and Corollary 8.12 ]. 

Theorem 3.3 Let L ^ //2,26 be a primitive nondegenerate sublattice of 
signature (2,n), n > 3 and Vl ^ ^//2 26 the corresponding embedding 
of the homogeneous domains. The set of —2-roots 

R-2{L^) = {r € 1/2,26 I = -2, (r,L) = 0} 

in the orthogonal complement is finite. We put N{L-^) = ^R^2{L^)/2. 
Then the function 

G Mi2+jv(M)(6^(L), det), 



^\l = ^ — 

nre-R-2(i-L)/±l(^''') 
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where in the product over r we fix a system of representatives in R^2 {L ) /± 1 • 
The modular form vanishes only on rational quadratic divisors of type 
'D^(L) where v ^ is the orthogonal projection to of a —2-root 
r G 1/2,26 • Moreover is a cusp form if R-2{L^) is not empty. 

To apply Theorem 13.31 we need basic properties of the root lattices 
Dn = {(xi, . . . , Xn) G I j;i + • • • + G 2Z}, 

An = {{Xi, . . . , Xn+l) G I Xi + • • • + Xn+1 = 0}. 

It is known(see [CSl Ch. 4]) that A^/An is the cyclic group of order n+1 and 
Dn I Dn is isomorphic to the cyclic group of order 4 for odd n and to C2 x C2 
for even n. The discriminant forms are generated by the following elements 
having the minimal possible norm in the corresponding classes modulo A^ 
or Dn- 

D^/Dn = {0, e„, (ei H he„)/2, (ei H he„_i-e„)/2 mod Z)„}, 

A^/An = {sj = ^^^^ ^ { i,. i - n - 1, . ,i - n - IJ , 1 < i < n + l}. 

n + 1 — i i 

If n < 7 then for any i we have < {ei,£i) = ^^"^^"'^ < 2. These 
representations of the discriminant groups of An and Z)„ show that for all 
A- and D-lattices mentioned in Theorem 13.21 we have 

Va G (S'^/S) 3aea:{a,a)<2. (4) 

The same property is true for Eq, E^j and E^. The discriminant group of Eq 
is the cyclic group of order 3. Each of the two non-zero classes of Eg /Eq 
contains a vector of square 4/3 (see \CS\ Ch. 4, §8.3]). 

We first construct a strongly reflective modular form with respect to 
O (2U © Aj{—1)). The even unimodular lattice 1/2,26 is unique up to iso- 
morphism, but it has 24 different models //2,26 — "^U N{R){—1) where 
N{R){—1) is a negative definite even unimodular Niemeier lattice with 
root system R. If R is empty then A^(0) is the Leech lattice. For exam- 
ple for At we can take N{2Aj © 2D^). This gives us an embedding of 
L(^7) = 2f7©^7(-l) in //2,26 = 2;7©A^(2^7©2/)5)(-l) and a cusp form 

^\L{Ar) e SeoiO^ {L{Ay)), det), (|/?2(^7 2/^5)1 =96). 

^Il(A7) is strongly refiective. More pecisely we shall prove that the divisor 
of ^\l(A7) is similar to the divisor of <I>i2, namely 

div($U(^,))= U '^riHA^)). (5) 

rGL(A7)/±l 
(r,r)=-2 
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According to Theorem 13.31 the divisors of are the rational quadratic 

divisors where for v G L{Ay)'^ there exists u in the dual lattice of the 
orthogonal complement of Ai{—1) in the Niemeier lattice N(2Ai(B2D^)(—l) 
such that f + M E Il2,26 fmd u ^ + = —2. If v'^ = —2 then u = and is a 
— 2-root of both lattices //2,26 ^-i^d L(Aj). Therefore ^|_L(yi7) vanishes along 
this divisor. We assume that —2<v'^<0. According to ^ there exists 
h G Aj{—1) such that v & h + L{Ay) and v"^ = h?. Moreover v and h are 
primitive in L{AjY . If not, then A ^ A){-1) and (A, A) > _(A)2 > _i. 
But < — I for any / G ^^(—1). According to the Eichler criterion (see 

|(tHS4[ Proposition 3.3]) there exists 7 G SO^ {L{Aj)) such that 7(1;) = h. 
Therefore ^{T>v) = T^h- It means that one can complete h G A)j{—1) to a root 
in the Niemeier lattice N{2A'! ®2D^). This is not possible because all roots 
of any Niemeier lattice N{R) are roots of the root lattice R. Thus property 
dS]) is proved. According to Theorem 2.1 the modular variety M{Aj) is 
uniruled. The same proof works for all the other lattices from Theorem 3.1. 
The reason is that we only used the metric property ([ID. This finishes the 
proof of Theorem 13.21 

Remark 1. One can formalize the quasi pullback consideration and to con- 
struct more reflective modular forms using $12 and other reflective modular 
forms. See the forthcoming paper |GG) . 

Remark 2. We expect that one can find a similar construction for the 
reflective modular form B^^ 21 using a vector of norm 12 in the Leech lattice 
and the pullback of the Borcherds modular form $12 (see Remark 4.4 in 

mm- 

3.3 Modular forms with the simplest possible divisor and uniruled 
modular varieties. 

The divisors of the modular forms used in §3.2 are generated by — 2- 
reflections (see ([5])). It might happen that a modular group does not contain 
— 2-reflections but it contains —4- or — 6-reflections. These divisors are sim- 
pler in the sense of |G4j because the Mumford-Hirzebruch volume of such 
modular divisors is smaller. Three series of strongly reflective modular forms 
with the simplest divisor were constructed in [G4J- The longest series is the 
modular tower Di - Dg. According to |G41 Theorem 3.2] the modular form 

Ai2-^m,D„ = Lift (7?24-3- (r)^?(r, zi) • • • i9(r, z„)) G Mu-m{s6^ {L{D,n))) 
with 1 < m < 8 has the following divisor 

divAi2-m„D,„ = U V,{L{Dm)) (6) 

v€L{D.m)/±l 
„2=-4, Aiv(v)=2 

with some modification for m = 4. In this section we use the modular forms 
with the simplest divisor for S = D2 = Ai @ Ai^ A2 and 1)3. 
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Theorem 3.4 The following modular varieties are uniruled 

SM{D^) = Sb'^{LiDs))\ViLiD3)), 

7W(2[/(3) e A2(-l)) = 0^(2f/(3) e ^2(-l)) \ V{2U{3) ^2(-l)), 
SM+{L{2Ai)) = T\V{L{2Ai)), 

where T = (SO (-L(2^i)), (T_4) and ct_4 is a reflection acting non trivially 
on the discriminant group of L{2Ai). 

Proof. We note that D3 = A3. Therefore SM{D3) is a double covering 
of the variety A4{A3) considered in Theorem 13.21 The second variety is a 
covering of A4{A2) because O (2C/(3) © A2{—1)) is a congruence subgroup 

of O {2U © ^2 (—I))- Therefore the claim of the theorem is stronger than 
similar results of Theorem 13.21 for A2 and D3 . 

In the case of D3 the ramification divisor of the modular projection 

7r+3 : V{L{Ds)) ^ SO^ {L{D,)) \V{L{Ds)) 

is equal to the divisor of A.g^D,^ (see |G4l Lemma 2.1]). Thus the first modular 
variety listed in the theorem is uniruled according to Theorem 2.1. 
Consider the last case of the theorem. We note that 

D2 = (ei + 62,61 - 62) = 2Ai, 0{D^/D2) ^ C2. 

The only non trivial element of 0{D2 / D2) is realized by the reflection (J2ei- 

All — 4-vectors with divisor 2 form one SO {L{D2))-orhii according to the 
Eichler criterion. Hence by Q the form Aio,d2 is strongly reflective with 
respect to T. 

To prove uniruledness of the second modular variety we take the modular 
form 

A9,A2 = Uit{r,^\T)^{T, zi)'d{T, Z2MT, Z2 - zi)) G 59(0^ (L(^2))). 
According to |G41 Theorem 4.2] we have 

divA9,A2= U V^{L{A2y). 
«ei(A2)/±i 

i)2=-6, div{»;)=3 

The modular form A9^^2 is anti-invariant with respect to reflections with 
= —6, div(f ) = 3. These reflections induce the non-trivial element of the 
flnite orthogonal discriminant group 0(^2/^2) — C2. Therefore we have 
^9,A2 € Si^{0^ {L{A2)) , X2) where X2 is a character of order 2. 
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If = —6 and div(f) = 3 then f/3 is a primitive vector of Li^A-^f^ and 
(|, |) = — |. Therefore v/3 is a —2 vector of the lattice 

L(^2)^(3) = 2?7(3) e ^^(-3) ^ 2C/(3) ^2(-l). 

We have 0^(L) = 0"*'(L^) = 0^(L^(m)) and we can thus consider A9_a2 
as a modular form with respect to the last group. Since = ^y^vlz) S 

0^(2J7(3) © yl2(— 1)) the modular form Ag^yij is strongly reflective with 

respect to 0^(2C/(3)©742(— 1)). Therefore the second variety of the theorem 
is also uniruled. □ 

Remark 1. S. Ma has informed us that he can in fact prove that the variety 
5A^+(L(2^i)) is rational. 

Remark 2. A modular form of type $|l(s') where 5 is a root lattice from 
Theorem 13.21 is the automorphic discriminant of the moduli space of lattice 
polarised K3 surfaces. It determines a Lorentzian Kac-Moody algebra and 
gives an arithmetic version of mirror symmetry for K3 surfaces (see |GN3] 
for more details). The strongly reflective modular forms from §3.3 have 
similar interpretation for corresponding moduli spaces. 
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